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Overview:

• Bootstrapping to estimate clade support

• controversies about the interpretation of the

bootstrap support

• the AU test
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The bootstrap for phylogenies
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Bootstrapping: first step

G...CGCTATA4

G...CACTGTA3

G...TGCTACT2

A...TGCTGAT1

k...7654321

1 2

3 4

From the original data, 
estimate a tree using, say,
parsimony (could use NJ,
LS, ML, etc., however)
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Bootstrapping: first replicate

2...1310021weights

G...CGCTATA4

G...CACTGTA3

G...TGCTACT2

A...TGCTGAT1

k...7654321

1 2

3 4

From the bootstrap dataset,
estimate the tree using the
same method you used for
the original dataset

Sum of weights 
equals k (i.e.,
each bootstrap

dataset has same
number of sites
as the original)



Copyright © 2007 Paul O. Lewis 6

Bootstrapping: second replicate

0...0311110weights

G...CGCTATA4

G...CACTGTA3

G...TGCTACT2

A...TGCTGAT1

k...7654321

1 3

2 4

This time the tree that is
estimated is different than
the one estimated using the
original dataset.

Note that weights 
are different this 

time, reflecting the 
random sampling 
with replacement 
used to generate 

the weights
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Bootstrapping: 20 replicates
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1234 Freq
----------
-*-*  75.0
-**- 15.0
--**  10.0

Note: usually
at least 100
replicates are
performed,
and 500 is
better



Bootstrap support for branches can be displayed:

• on the best estimate of the tree (on the MP, OLS,

or ML tree)

• on a majority-rule consensus tree (see Berry and

Gascuel, 1996)



Bootstrap proportions have been characterized as providing:

• a measure of repeatability,

• an estimate of the probability that the tree is correct (and

bootstrapping has been criticized as being too conservative

in this context),

• the P-value for a tree or clade



Bootstrap Proportion 6= Posterior Probability

Several studies have compared the non-parametric bootstrap

proportion of clade from an ML analysis of a data set to the

posterior probabilities when the same data is analyzed under

the same model (Suzuki et al., 2002; Wilcox et al., 2002; Alfaro

et al., 2003; Cummings et al., 2003; Douady et al., 2003).

Not all of these have implied that the measures should be the

same, but some authors have, usually citing Efron et al. (1996).



Bootstrap Proportion 6= Posterior Probability in general

phylogenetic estimation accuracy than did bootstrap
support values (Fig. 5). In our simulations, nonpara-
metric bootstrapping significantly underestimated the
probability of recovering a clade for all but the lowest
support values, as has been previously reported by several

authors (Hillis and Bull, 1993; Rodrigo, 1993; Zharkikh
and Li, 1995). In contrast, Bayesian support values pro-
vided much closer estimates of the true probabilities of
recovering the respective clades, although they also were
conservative measures of phylogenetic accuracy (Fig. 5).

4. Discussion

4.1. Snake phylogeny

Based on morphological analysis of cephalic soft-
tissues, Zaher (1994) proposed that the traditional

Fig. 5. Comparison of Bayesian and nonparametric bootstrap support
values. (a) Histogram showing the proportion of bipartitions in each
support bin from 120 simulations for Bayesian values and nonpara-
metric bootstrap support values. Note that the average support values
are higher for Bayesian compared to bootstrap analyses. (b) The re-
lationship between the percentage of correct bipartitions and per-
centage support values for the respective bipartitions for Bayesian and
nonparametric bootstrapping analyses. Error bars are the binomial
standard errors around the proportion of correct bipartitions in each
bin. The dotted diagonal line indicates perfect correspondence between
phylogenetic accuracy (percentage of correct bipartitions) and percent
support values. Both Bayesian and nonparametric bootstrapping un-
derestimate phylogenetic accuracy at higher levels of support, but
Bayesian support values are much better indicators of phylogenetic
accuracy under the conditions we examined.

Fig. 4. Results of parametric bootstrap analysis. Model trees were
constructed for each hypothesis by conducting maximum-likelihood
searches with taxa constrained to be compatible with each hypothesis
(constraints inset for each hypothesis). The distributions of the dif-
ferences in likelihood scores between the optimal trees and the best
trees that fit the respective constraint are shown for 100 simulations for
each tested hypothesis. In each case, the di!erence in likelihood scores
between model and observed trees for the original data (arrows) was
considerably greater than expected if the corresponding hypothesis
were true. Therefore, all three of these hypotheses are rejected at
p < 0:01. (a) Test of the monophyly of the traditional Tropidophiidae.
(b) Test of the sister-group relationship between Tropidophiidae (sensu
Zaher; Tropidophis plus Trachyboa) and Caenophidea. (c) Test of the
monophyly of Booidea (sensu Zaher).

366 T.P. Wilcox et al. / Molecular Phylogenetics and Evolution 25 (2002) 361–371

from Wilcox et al. (2002)



What did Efron et al. (1996) say?

We can use a Bayesian model to show that α̃ is a reasonable assessment
of the probability that R1 contains µ. Suppose we believe a priori that µ
could lie anywhere in the plane with equal probability. Then having observed
µ̂, the a posteriori distribution of µ given µ̂ is N2(µ̂, I) exactly the same
as the bootstrap distribution of µ̂∗. In other words, α̃ is the a posteriori
probability of the event µ ∈ R1, if we begin with an “uninformative” prior
density for µ.

that
˜
! and

˜
!̂ lie in the same region, or at least that TRÊE and

TREE agree in their most important aspects.
The bootstrap data matrix x* has proportions of columns say

!̂k
* " #!columns of x* equalling Xk"!n,

!̂
˜

* # (!̂1
*, !̂2

*, . . . . , !̂K
* ). We can indicate the bootstrap

tree-building

!̂
˜

* 3 D̂* 3 TRÊE*,

The hypothetical example of Fig. 3 puts
˜
! and

˜
!̂ in the same

region, so that the estimate TRÊE exactly equals the true
TREE. However

˜
!̂* lies in a different region, with TRÊE* not

having the 9-10 clade. This actually happened in 7 out of the
200 bootstrap replications for Fig. 2.

What the critics of Felsenstein’s method call its bias is the
fact that the probability TRÊE* # TREE is usually less than
the probability TRÊE # TREE. In terms of Fig. 3, this means
that

˜
!̂* has less probability than

˜
!̂ of lying in the same region

as
˜
!. Hillis and Bull (3) give specific simulation examples. The

discussion below is intended to show that this property is not
a bias, and that to a first order of approximation the bootstrap
confidence values provide a correct assessment of TRÊE’s
accuracy. A more valid criticism of Felsenstein’s method,
discussed later, involves its relationship with the standard
theory of statistical confidence levels based on hypothesis tests.

Returning to the correlation example of the previous sec-
tion, it is not true that #̂* $ # (as opposed to #̂* $ #̂) has the
same distribution as#̂ $ #, even approximately. In fact#̂* $ # will
have nearly twice the variance of #̂ $ #, the sum of the variances
of #̂ around # and of #̂* around #̂. Similarly in Fig. 3 the average
distance from

˜
!̂* to

˜
! will be greater than the average distance

from
˜
!̂ to

˜
!. This is the underlying reason for results like those of

Hillis and Bull, that
˜
!̂* has less probability than

˜
!̂ of lying in the

same region as
˜
!. However, to make valid bootstrap inferences we

need to use the observed differences between TRÊE* and
TRÊE (not between TRÊE* and TREE) to infer the differences
between TRÊE and TREE. Just how this can be done is
discussed using a simplified model in the next two sections.

A Simpler Model

The meaning of the bootstrap confidence values can be more
easily explained using a simple normal model rather than the
multinomial model. This same tactic is used in Felsenstein and
Kishino (4). Now we assume that the data x # (x1, x2) is a two
dimensional normal vector with expectation vector ! # ($1,
$2) and identity covariance matrix, written

x " N2%!, I&.

In other words x1 and x2 are independent normal variates with
expectations $1 and $2, and variances 1. The obvious estimate
of ! is !̂ # x, and we will use this notation in what follows. The
!-plane is partitioned into regions !1, !2, !3, . . . similarly to
Fig. 3. We observe that !̂ lies in one of these regions, say !1,
and we wish to assign a confidence value to the event that !
itself lies in !1.

Two examples are illustrated in Fig. 4. In both of them x #
!̂ # (4.5,0) lies in !1, one of two possible regions. Case I has
!2 # {! : !1 % 3}, a half-plane, while case II has !2 # {! :
#!# %3}, a disk of radius 3.

Bootstrap sampling in our simplified problem can be taken
to be

x* " N2%!̂, I&.

This is a parametric version of the bootstrap, as in section 6.5
of Efron and Tibshirani (1), rather than the more familiar
nonparametric bootstrap considered previously, but it pro-
vides the proper analogy with the multinomial model. The
dashed circles in Fig. 4 indicate the bootstrap density of !̂* #
x*, centered at !̂. Felsenstein’s confidence value is the boot-
strap probability that !̂* lies in !1, say

&̃ " Prob!̂!!̂* " !1".

The notation Prob!̂ emphasizes that the bootstrap probability
is computed with !̂ fixed and only !̂* random. The bivariate
normal model of this section is simple enough to allow the &̃
values to be calculated theoretically, without doing simula-
tions,

&̃I " 0.933 and &̃II " 0.949.

Notice that &̃II is bigger than &̃I because !1 is bigger in case II.
In our normal model, !̂* $ !̂ has the same distribution as

!̂ $ !, both distributions being the standard bivariate normal
N2(0, I). The general idea of the bootstrap is to use the
observable bootstrap distribution of !̂* $ !̂ to say something
about the unobservable distribution of the error !̂ $ !. Notice,
however, that the marginal distribution of !̂* $ ! has twice as
much variance,

!̂* ' ! " N2%O, 2I&.

This generates the ‘‘bias’’ discussed previously, that !̂* has less
probability than !̂ of being in the same region as !. But this
kind of interpretation of bootstrap results cannot give correct
inferences. Newton (5) makes a similar point, as do Zharkikh
and Li (6) and Felsenstein and Kishino (4).

We can use a Bayesian model to show that &̃ is a reasonable
assessment of the probability that !1 contains $. Suppose we
believe apriori that ! could lie anywhere in the plane with
equal probability. Then having observed !̂, the aposteriori
distribution of ! given !̂ is N2(!̂, I), exactly the same as the
bootstrap distribution of !̂*. In other words, &̃ is the aposteriori
probability of the event ! " !1, if we begin with an ‘‘unin-
formative’’ prior density for !.

Almost the same thing happens in the multinomial model.
The bootstrap probability that TRÊE* # TRÊE is almost the
same as the aposteriori probability that TREE # TRÊE
starting from an uninformative prior density on

˜
! [see section

10.6 of Efron (7)]. The same statement holds for any part of
the tree, for example the existence of the 9-10 clade in Fig. 2.
There are reasons for being skeptical about the Bayesian
argument, as discussed in the next section. However, the
argument shows that Felsenstein’s bootstrap confidence values
are at least reasonable and certainly cannot be universally
biased downward.

FIG. 4. Two cases of the simple normal model; in both we observe
!̂ # (4.5, 0) " !1, and wish to assign a confidence value to ! " !1.
Case I, !2 is the region {$1 % 3}. Case II, !2 is the region {#!# ' 3}.
The dashed circles indicate bootstrap sampling !̂* ( N2(!̂, I).

Correction: Efron et al. Proc. Natl. Acad. Sci. USA 93 (1996) 13431



Efron et al. (1996) view of tree space

coefficient between the first two malaria species, Pre and Pme,
at the 221 sites, with (A, G, C, T) interpreted as (1, 2, 5, 6): !̂ !
0.616. How accurate is !̂ as an estimate of the true correla-
tion !? The nonparametric bootstrap answers such questions
without making distributional assumptions.

Each bootstrap data set x* gives a bootstrap estimate !̂*, in
this case the sample correlation between the first two rows of
x*. The central idea of the bootstrap is to use the observed
distribution of the differences !̂* " !̂ to infer the unobservable
distribution of !̂ " !; in other words to learn about the accuracy
of !̂. In our example, the 200 bootstrap replications of !̂* " !̂
were observed to have expectation 0.622 and standard devi-
ation 0.052. The inference is that !̂ is nearly unbiased for
estimating !, with a standard error of about 0.052. We can also
calculate bootstrap confidence intervals for !. A well-
developed theory supports the validity of these inferences [see
Efron and Tibshirani (1)].

Felsenstein’s application of the bootstrap is nonstandard in
one important way: the statistic TRÊE, unlike the correlation
coefficient, does not change smoothly as a function of the data
set x. Rather, TRÊE is constant within large regions of the
x-space, and then changes discontinuously as certain bound-
aries are crossed. This behavior raises questions about the
bootstrap inferences, questions that are investigated in the
sections that follow.

A Model For The Bootstrap

The rationale underlying the bootstrap confidence values
depends on a simple multinomial probability model. There are
K ! 411 " 4 possible column vectors for x, the number of
vectors of length 11 based on a 4-letter alphabet, not counting
the 4 monotypic ones. Call these vectors X1, X2, . . ., XK, and
suppose that each observed column of x is an independent

selection from X1, X2, . . ., XK, equaling Xk with probability "k.
This is the multinomial model for the generation of x.

Denote
˜
" ! ("1, "2,. . ., "K), so the sum of

˜
" ’s coordinates

is 1. The data matrix x can be characterized by the proportion
of its n ! 221 columns equalling each possible Xk, say

"̂k # ##columns of x equalling Xk$!n,

with
˜
"̂ ! ("̂1, "̂2, . . ., "̂K). This is a very inefficient way to

represent the data, since 411 " 4 is so much bigger than 221,
but it is useful for understanding the bootstrap. Later we will
see that only the vectors Xk that actually occur in x need be
considered, at most n of them.

Almost always the distance matrix D̂ is a function of the
observed proportions

˜
"̂, so we can write the tree-building

algorithm as

"̂
˜
3 D̂ 3 TRÊE.

In a similar way the vector of true probabilities
˜
" gives a true

distance matrix and a true tree,

"
˜
3 D 3 TREE.

D would be the matrix with ijth element {%k"k(Xki " Xk j)2}1!2

in our example, and TREE the tree obtained by applying the
maximizing connection algorithm to D.

Fig. 3 is a schematic picture of the space of possible
˜
"

vectors, divided into regions !1, !2, . . .. The regions corre-
spond to different possible trees, so if "

˜
! !j the jth possible

tree results. We hope that TRÊE ! TREE, which is to say

FIG. 1. Part of the data matrix of aligned nucleotide sequences for the malaria parasite Plasmodium. Shown are the first 20 columns of the 11
& 221 matrix x of polytypic sites used in most of the analyses below. The final analysis of the last section also uses the data from 1399 monotypic
sites.

FIG. 2. Phylogenetic tree based on the malaria data matrix; species
are numbered as in Fig. 1. The numbers at the branches are confidence
values based on Felsenstein’s bootstrap method. B ! 200 bootstrap
replications.

FIG. 3. Schematic diagram of tree estimation; triangle represents
the space of all possible

˜
" vectors in the multinomial probability

model; regions !1, !2. . . correspond to the different possible trees.
In the case shown

˜
" and

˜
"̂ lie in the same region so TREE !

TRÊE, but
˜
"̂ * lies in a region where TRÊE* does not have the 9-10

clade.

13430 Correction Efron et al. Proc. Natl. Acad. Sci. USA 93 (1996)



Kim (2000) view of tree space

methods now can be drawn as a partitioning of the
simplex into labeled points (each label being the iden-
tity of the tree topology). In the following sections, I use
this geometric setup to give a pictorial description of a
variety of concepts and phenomena that arise in phy-
logenetic estimation.

Applications

Combining Data Sets and Mixture Models

Combining data sets has been extensively discussed in
the literature (see De Queiroz et al., 1995). Given the
view of data sets as points in the character pattern sim-
plex, we can obtain a very simple geometrical picture of a
combined data set. Associate with data set X a point x in
the simplex, and with data set Y a point y in the simplex.
Then the combination of the two data sets lies on a line
connecting the two data sets because it is a convex linear
combination of the frequencies of character patterns in
each data set. The exact position on the line will depend
on the relative sizes of the data sets such that the ratio of
the distance from the combined data set to the two orig-
inal data sets will be proportional to the relative sizes of
the data sets (Fig. 8a).

The same picture can be drawn for mixture models
where some of the characters are generated from one
kind of model (say a model with fast rates of evolution)
and the other characters are generated from a different
kind of model (say a model with slow rates of evolu-
tion). Again, the mixture model lies on some point
within the line drawn between the two points repre-
senting the original models. The position of the point
representing the mixture model depends now on the
model of the mixture. For example, we might have a
mixture model consisting of 1

2 probability of drawing

from model X (with the corresponding point x) and 1
2

probability of drawing from model Y (with the corre-
sponding point y). Then the mixture model will be
represented by a point halfway on the line connecting x
and y. More generally, there might be a mixture model
of drawing from model X with probability ! and draw-
ing from model Y with probability 1 ! !. Then the
point representing the mixture model is ! distance
away from point y (assuming that the line connecting x
and y has unit distance; Fig. 8a). More complicated
models can be generated with the assumption that !
has some prior distribution like the beta distribution.
Then, the unconditional mixture model is obtained by
integrating over the prior distribution (in a suitable
sense) and the mixture model point will be a/(a " b)
distance from point y, where a and b are the parame-
ters of the beta distribution.

This discussion can be extended to the commonly
used model of gamma distributed rate mixture models

FIG. 8. (a) When two models or two data sets are combined, it
corresponds to drawing a line between the two model points in the
simplex (shown labeled as x and y) and selecting a point on the line.
The particular position of the mixture (combination) point is propor-
tional to the mixture proportions. (b) A model of rate variation across
sites can be seen as a model curve that is a subset of model manifold.
The (vector-valued) model curve, c(#), is parameterized by the rate
variable, #. Points along this curve correspond to taking a particular
tree shape and expanding the shape or contracting the shape (shown
by the trees on the left). (c) A gamma distribution model of rate
variation across sites is equivalent to integrating the model curve,
c(#). The result of the integration is a point inside the convex hull of
the model curve.

FIG. 7. A schematic diagram of the geometry of phylogenetic
estimation. The triangle represents the character pattern simplex.
The tree model is a subspace of this simplex (shown as the gray
object). A tree estimation method is a partition of the simplex into
tree topologies (shown as the speckled object). Finite-sized data sets
are rational points of the simplex (shown as a grid).
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Parsimony-informative Pattern Frequency Space
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Pattern Frequency Space With Observed Data
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µ̂



Bootstrapping in Pattern Frequency Space
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Posterior Densities in Pattern Frequency Space
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Posterior Densities in Pattern Frequency Space
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P(1010) P(1001) 



What did Efron et al. (1996) say (and mean)?

• the “uninformative” prior density is a uniform prior over all of pattern
space

• this is not equivalent to a prior that would be expected to yield a
phylogeny (it is actually identical to the prior you would get if you
assumed that all pairwise distances between taxa were ∞),

• Efron et al. (1996) were not predicting that the bootstrap proportions
should be identical to those from a Bayesian phylogenetic analysis with
real phylogenetic priors.

• Svennblad et al. (2006) have a nice paper on this subject.



Bootstrap proportions have been characterized as providing:

• a measure of repeatability,

• an estimate of the probability that the tree is correct (and

criticized as being too conservative in this context),

• the P-value for a tree or clade



coin flipping (yet again)

N = 100 and H = 60

Can we reject the hypothesis of a fair coin?

We can use simulation to generate the null distribution (we

could actually use the binomial distribution to analytically solve

this one)...



A simulation of the null distribution of the # heads

# heads
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P-value ≈ 0.029



If we bootstrap we get a sense of the variability in our estimate,

but we can also get a tail probability for Pr(p(boot) ≤ 0.5)



Distribution of the # heads in bootstrap resampled datasets
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Pr(p(boot) ≤ 0.5) ≈ 0.027



A simulation of the null distribution of the # heads
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Case 1 Case 2

R0 R1

µ̂

R0 R1

µ̂

µ̂ is the best point calculated from the data



Case 1 Case 2

R0 R1

µ̂µ†

R0 R1

µ̂µ†

µ̂ is the best point calculated from the data
µ† is least-favorable condition (LFC) point in R0



Case 1 Case 2

R0 R1

µ̂µ†

R0 R1

µ̂µ†

µ̂ is the best point calculated from the data
µ† is least-favorable condition (LFC) point in R0

green areas are the tails - they correspond to values of the test
statistic more extreme than µ̂ (relative to that µ ∈ R0



Case 1 Case 2

R0 R1 R0 R1

µ̂ is the best point calculated from the data
µ† is least-favorable condition (LFC) point in R0

Case 1 P-value < the P-value in Case 2



Case 1 Case 2

R0 R1 R0 R1

In case 1 - the bootstrap proportion is a good estimate of the P-value
In case 2 - the bootstrap proportion underestimates the P-value



Case 3 Case 4

R0 R1

µ†µ̂

R0 R1

µ†µ̂

µ̂ is the best point calculated from the data
µ† is least-favorable condition (LFC) point in R1



Case 3 Case 4

R0 R1

µ†µ̂

R0 R1

µ†µ̂

µ̂ is the best point calculated from the data
µ† is least-favorable condition (LFC) point in R0

green areas are the tails - they correspond to values of the test
statistic more extreme than µ̂ (relative to that µ ∈ R1)



Case 3 Case 4

R0 R1 R0 R1

Case 3 P-value > the P-value in Case 4



Case 3 Case 4

R0 R1 R0 R1

In case 3 - the bootstrap proportion is a good estimate of the P-value
In case 4 - the bootstrap proportion overestimates the P-value



Efron et al. (1996) pointed out these issues of curvature of the

boundaries between tree hypotheses.

We cannot see the boundaries in tree space, so it is hard

to know how to correct for the biases so that we can use

bootstrapping procedures as a means of getting a P-value for

a clade – the probability that we would see this much support

(or stronger support) for a clade if it were not present in the

true tree.



Find replicates that return a tree without the cladeInitial bootstrap

µ̂ µ̂



Find replicates that return a tree without the clade Find boundary points between regions

µ̂ µ̂



Bootstrap from these boundary points to check
curvature of the boundary

Find boundary points between regions



The corrected bootstrap procedure of Efron et al. (1996)

requires a very large number of bootstrap replicates because

you need very accurate estimates of the curvature in order

to apply the correction. Shimodaira (2002) expanded on this

work:

• d is the distance from the point that corresponds to the data

and the closest point on the boundary between another tree

• Φ(·) denotes the cumulative density function of the standard

Normal(0,1) distribution.

• c denotes the curvature of the boundary

• the P-value for the KH test is given by KH = Φ(d)



• Shimodaira argues (from an early Efron paper) that the

appropriate P-value for tree selection is:

AU = 1− Φ(d− c)

• In “standard” non parametric bootstrapping proportions are:

BP = 1− Φ(d+ c)

Note the incorrect sign with respect to the curvature term

causes BP (and recall how on the curved boundary examples,

the curvature caused the P-value to change in one direction

and the BP to go in the other).

How can we find c so that we can correct for it?



• N is the number of characters in the real data set

• N ′ is the number of characters in each bootstrap data set

• r = N ′

N

• If you do a bootstrap in which r 6= 1, Shimodaira determined

the expected effect on the bootstrap proportion as a function

of d and c:

BP (r) = 1− Φ
(
d
√
r +

c√
r

)



r = 0.5 r = 0.8

r = 1.0 r = 1.2



AU Test

1. conduct a sweep of bootstraps with r varying (for instance

r = 0.5, r = 0.6, r = 0.7, . . . r = 1.4, to get a set of BP (r)
for a tree.

2. Use weighted least squares to estimate c and d form the set

of BP (r)
3. Calculate

AU = 1− Φ(d− c)

This lets you calculate a P-value for any tree of interest, and

then you can construct a confidence set of trees.
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